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Abstract. We characterise finite groups such that for an odd prime p all the irreducible
characters in its principal p-block have odd degree. We show that this situation does not
occur in non-abelian simple groups of order divisible by p unless p = 7 and the group is
M22. As a consequence we deduce that if p 6= 7 or if M22 is not a composition factor of
a group G, then the condition above is equivalent to G/Op′(G) having odd order.

1. Introduction

Let G be a finite group, let p be a prime dividing the order of G and let B0 be the
Brauer principal (p-)block of G. Brauer’s height zero conjecture asserts that p does not
divide the degrees of the irreducible ordinary characters belonging to B0 if, and only if,
a Sylow p-subgroup P of G is abelian. Let q be a prime different from p. It would be
interesting to characterise when all degrees of irreducible ordinary characters belonging
to B0 are coprime with q. When q = 2, G. Navarro predicted that all irreducible ordinary
characters in B0 have odd degree if, and only if, G/Op′(G) has odd order. We confirm
here that this claim holds whenever p 6= 7. For p = 7, the group M22 is a counterexample,
and the only counterexample among finite simple groups.

Theorem A. Let p be an odd prime, and let B0 be the principal p-block of a group G
of order divisible by p. If p 6= 7 or M22 is not a composition factor of G, then every
irreducible character in B0 has odd degree if, and only if, G/Op′(G) is a group of odd
order.

It is worth mentioning that G. Navarro, G. Robinson and P.H. Tiep [NRT17] have
recently characterised the groups for which G/Op′(G) has odd order in terms of the
number of real-valued characters in the principal p-block of G. Namely they have shown
that the principal p-block B0 contains only one real-valued irreducible character if, and
only if, G/Op′(G) has odd order.

The proof of Theorem A ultimately relies on the fact that for every finite non-abelian
simple group G and every odd prime divisor p of its order, the principal p-block of G
contains an even degree character, except for p = 7 and G = M22.
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Theorem B. Let G be a non-abelian simple group of order divisible by an odd prime p.
Let B0 be the principal p-block of G. Then B0 contains an irreducible character χ of even
degree unless G = M22 and p = 7.

In order to show that Theorem B holds for alternating groups we prove a more general
result that we believe to be of independent interest, concerning the principal block of
symmetric (and alternating) groups.

Theorem C. Let n ≥ 5, and let p and q be distinct primes with q < p ≤ n. Let B0 be
the principal p-block of either Sn or An. Then B0 contains an irreducible character χ of
degree divisible by q.

This article is structured as follows. In Section 2 we prove that Theorem A holds
assuming Theorem B. The rest of the article is devoted to the proof of Theorem B on
finite non-abelian simple groups. In Section 3 we prove Theorem C, which includes the
alternating group case of Theorem B. Finally, in Section 4 we show that Theorem B holds
for sporadic groups and for groups of Lie type, and conclude using the Classification of
Finite Simple Groups.

We follow the notation of [Is76] for ordinary characters and the notation of [Nav98] for
blocks. By a block, we shall mean a p-block. Also, if B is a block of G, we will denote
by Irr(B) the set of irreducible complex characters lying in the block B. In general, we
will denote by B0(H) the principal block of a group H. Finally if n is a natural number,
then we denote by νp(n) the maximal integer k such that pk divides n.

Acknowledgement. Part of this work was done while the third author was visiting the
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2. A reduction to finite simple groups

In this section we assume that Theorem B holds and we prove Theorem A. In this
sense, we reduce Theorem A to a problem on finite simple groups.

We assume that the reader is familiar with the theory of blocks and normal subgroups
(see for example Chapter 9 of [Nav98]). Also, we recall that if G1 and G2 are finite
groups, then Irr(B0(G1×G2)) = Irr(B0(G1))× Irr(B0(G2)) (this follows directly from the
definition of the principal block, see [Nav98, Def. 3.1]).

Proof of Theorem A. We remark that Irr(B0) ⊆ Irr(G/Op′(G)), since B0 covers the prin-
cipal block of Op′(G) which only consists of the trivial character. Also, whenever N EG,
we have that Irr(B0(G/N)) ⊆ Irr(B0).

The “if part” follows from the first remark. To prove the “only if part” we first show
that the hypotheses imply the p-solvability of G. Otherwise, since the hypotheses are
inherited by quotients of G, we may assume that there is a minimal normal subgroup N
of G which is neither a p-group nor a p′-group. Hence N =

∏t
i=1 S

xi , where S E N is a
simple non-abelian group of order divisible by p and xi ∈ G. By hypothesis, either p 6= 7
or S 6= M22. By Theorem B, let θ ∈ Irr(B0(S)) have even degree. Then φ = θx1×· · ·×θxt
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has even degree and belongs to Irr(B0(N)) =
∏t

i=1 Irr(B0(S))xi . By [Nav98, Thm. 9.4],
some χ ∈ Irr(B0) lies over φ. Since χ(1) is odd by hypothesis, we get a contradiction.

As G is p-solvable, we have that Irr(B0) = Irr(G/Op′(G)), by [Nav98, Thm. 10.20].
Hence, the hypothesis that all irreducible characters in B0 have odd degree implies that
the group G/Op′(G) has a normal Sylow 2-subgroup by the Ito–Michler theorem (see
[It51] and [Mi86]). This forces G/Op′(G) to be a group of odd order, as desired. �

Recall that our motivation is to characterise when a prime q does not divide the degrees
of the irreducible characters in the principal block. The Ito–Michler theorem characterises
when a prime q does not divide the degrees of the irreducible characters of a group.
A natural version of the Ito–Michler theorem for principal blocks would be: If all the
irreducible characters of B0(G) have degree coprime to q, for some prime q 6= p, then
some Sylow q-subgroup Q of G is normalised by a Sylow p-subgroup P of G. In [NW01]
the authors prove this result under the assumption that G is a {p, q}-separable group.
However, such a version does not hold outside {p, q}-separable groups, as the authors also
point out that the separability condition of G is necessary (as shown by G = J1, p = 2,
q = 5). For q = 2 and p 6= 7 we have the characterisation given by Theorem A.

3. Alternating groups

The aim of this section is to prove Theorem C, which in particular implies Theorem B
for alternating groups.

We start by recalling some facts in the representation theory of symmetric groups.
We refer the reader to [Ja79], [JK81] or [Ol94] for a more detailed account. A partition
λ = (λ1, λ2, . . . , λ`) is a finite non-increasing sequence of positive integers. We say that
λ is a partition of |λ| =

∑
λi, written λ ` |λ|. The Young diagram of λ is the set

[λ] = {(i, j) ∈ N × N | 1 ≤ i ≤ `, 1 ≤ j ≤ λi}, where we orient N × N with the x-axis
pointing right and the y-axis pointing down. We denote by λ′ the conjugate partition of
λ, whose Young diagram is obtained from the Young diagram of λ by a reflection over
the main diagonal.

Given (r, c) ∈ [λ], the corresponding hook H(r,c)(λ) is the set defined by

H(r,c)(λ) = {(r, y) ∈ [λ] | y ≥ c} ∪ {(x, c) ∈ [λ] | x ≥ r}.

We set hr,c(λ) = |H(r,c)(λ)| = 1+(λr−c)+(λ′c−r), and we denote by H(λ) the multiset of
hook-lengths in [λ]. Similarly we letHr(λ) be the multiset of hook-lengths in the rth row of

[λ]. For e ∈ N we letHe(λ) =
⋃`
r=1He

r(λ), whereHe
r(λ) = {(r, c) ∈ [λ] | e divides hr,c(λ)}.

If (r, c) ∈ He(λ), then we say that H(r,c)(λ) is an e-hook of λ, so that |He(λ)| is the number
of e-hooks of λ. The e-core Ce(λ) of λ is the partition obtained from λ by successively
removing all e-hooks.

Let q be a prime number. An important combinatorial object for our analysis is the
q-core tower T q(λ) of a partition λ of n (we refer the reader to [Ol94, Chap. II] for a
comprehensive description of this object). Every partition of a given natural number is
uniquely determined by its q-core tower. We write T (λ) instead of T q(λ) when q is clear
from the context. For j ∈ N0 we denote by Tj(λ) the jth layer of T (λ). As explained in
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full details in [Ol94], Tj(λ) = (µ1, . . . , µqj) is a sequence of q-core partitions such that∑
j≥0

|Tj(λ)|qj = n, where |Tj(λ)| = |µ1|+ · · ·+ |µqj |.

Note that |T0(λ)| = |Cq(λ)|. Also note that if n =
∑k

j=0 αjq
j is the q-adic expansion of

n, then |Ts(λ)| = 0 whenever s > k. It is useful to remark at this point that if m is the
maximal integer such that |Tm(λ)| 6= 0, then we have that |Hqm(λ)| = |Tm(λ)|.

Partitions of n correspond canonically to the irreducible characters of Sn. We denote
by χλ the irreducible character naturally labelled by λ ` n. We recall that (χλ)An is
irreducible if, and only if, λ 6= λ′. Otherwise (χλ)An = φ + φg for some φ ∈ Irr(An) and
g ∈ Sn r An. (See [JK81, Thm. 2.5.7].)

The following result was first proved by MacDonald [Mac71] and it is crucial for our
purposes.

Theorem 3.1 (MacDonald). Let q be a prime and let n be a natural number with q-adic

expansion n =
∑k

j=0 αjq
j. Let λ be a partition of n. Then

νq(χ
λ(1)) =

(∑
j≥0

|Tj(λ)| −
k∑
j=0

αj
)
/(q − 1).

Useful consequences of this result are recorded in the following two lemmas.

Lemma 3.2. Let q, n and λ be as in Theorem 3.1. If q does not divide χλ(1) then

|Hqk(λ)| = αk.

Lemma 3.3. Let k ≥ 2 and let n = 2k+1 − 2`, for some ` ≤ k − 2. Let λ ` n such that
|H2k(λ)| = 0 and |H2k−1

(λ)| ≤ 2. Then ν2(χ
λ(1)) ≥ 2.

Proof. Since |H2k(λ)| = 0 we deduce that |Tk(λ)| = 0. Hence we have that |Tk−1(λ)| =

|H2k−1
(λ)| ≤ 2. We know that n =

∑k
j=0 |Tj(λ)|2j, hence we obtain that

∑k
j=0 |Tj(λ)| ≥

k + 3 − `. Since n has k + 1 − ` binary digits, we deduce that ν2(χ
λ(1)) ≥ 2 from

Theorem 3.1. �

Finally, we state the following consequence of Nakayama’s Conjecture (proved inde-
pendently by R. Brauer and G. de B. Robinson, see e.g. [Ja79] or [Ol94]). The second
statement follows from [Nav98, Thm. 9.2].

Proposition 3.4. Let p be a prime and let n = a+ pw for some a ∈ {0, 1, . . . , p− 1} and
w ∈ N. Let λ ` n. Then χλ lies in the principal p-block of Sn if, and only if, Cp(λ) = (a).
Moreover every irreducible constituent of (χλ)An lies in the principal p-block of An.

In order to prove Theorem C, we devote most of our efforts to show that the following
slightly stronger statement holds.

Theorem 3.5. Let q and p be primes and let n ≥ 5 be a natural number such that
q < p ≤ n. Then there exists an irreducible character χ in the principal p-block of Sn

such that q divides χ(1). Moreover, if φ is an irreducible constituent of the restriction
χAn, then q divides φ(1).
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We split the proof of Theorem 3.5 into a series of lemmas (dealing with symmetric
groups) and corresponding corollaries (concerning alternating groups). We fix below the
notation that will be kept for the rest of this section.

Notation 3.6. Let 2 ≤ q < p be prime numbers and let n ∈ N, which we write as
n = a+ pw for uniquely determined a ∈ {0, 1, . . . , p− 1} and w ∈ N. Moreover let

n = αkq
k +

k−1∑
j=0

αjq
j,

be the q-adic expansion of n, where αk 6= 0. We need also to fix the notation for the
q-adic expansions of pw and a. We let

a = βkq
k +

k−1∑
j=0

βjq
j and pw = ζkq

k +
k−1∑
j=0

ζjq
j,

where βj, ζj ∈ {0, 1, . . . , q − 1} for all j ∈ {0, . . . , k − 1} and 0 ≤ βk ≤ ζk ≤ αk ≤ q − 1.
Note that pw 6= ζkq

k, as both ζk and q are smaller than p.

Finally we denote by Bn(q, p) the set consisting of all partitions λ of n such that χλ lies
in the principal p-block of Sn and such that q divides χλ(1).

Lemma 3.7. Suppose that a = 0. Then λ = (αkq
k, 1n−αkq

k
) ∈ Bn(q, p).

Proof. It is easy to see that Cp(λ) is the empty partition. Therefore χλ lies in the principal
block of Sn, by Proposition 3.4. The hook-length h1,1(λ) = wp is not divisible by qk.
Moreover, for all j ∈ {2, 3, . . . , αkqk} we have h1,j(λ) + (j − 2) = h1,2(λ) = αkq

k − 1.
Hence we deduce that there are exactly αk − 1 boxes (1, d) ∈ [λ] such that qk divides

h1,d(λ). It follows that |Hqk

1 (λ)| = αk − 1. Since h2,1(λ) = n− αkqk < qk we deduce that

|Hqk

j (λ)| = 0 for all j ≥ 2. We conclude that |Hqk(λ)| = αk − 1 and therefore that q

divides χλ(1), by Lemma 3.2. �

We have preferred to show in our proof of Lemma 3.7 the strategy that will be used
to prove Lemmas 3.9 and 3.11 below, instead of using the well-known fact that whenever
µ = (n − d, 1d) is a hook partition the degree χµ(1) is equal to the binomial coefficient(
n−1
d

)
. In any case, the necessary analysis of the divisibility of the binomial coefficient

would not have sensibly shortened our argument.

Corollary 3.8. Let a and λ be as in Lemma 3.7 and let φ be an irreducible constituent
of (χλ)An. Then φ lies in the principal p-block of An and q divides φ(1).

Proof. Since φ(1) ∈ {χλ(1), χλ(1)/2} the statement follows trivially from Lemma 3.7,
when q 6= 2. Similarly if q = 2 and λ 6= λ′ then, φ = (χλ)An ; and hence the statement
follows, again by Lemma 3.7.

Suppose that λ = (2k, 1n−2
k
) = λ′. Then n = 2k+1−1 and we observe that |H2k(λ)| = 0

and that |H2k−1
(λ)| = 2. Using Lemma 3.3 we deduce that ν2(χ

λ(1)) ≥ 2 and therefore
that φ(1) = χλ(1)/2 is even. �

From now on, we assume that 1 ≤ a ≤ p− 1.
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Lemma 3.9. Suppose that wp > αkq
k and let λ = (αkq

k − 1, a + 1, 1n−(αkq
k+a)). Then

λ ∈ Bn(q, p) for all n 6= (αk + 1)qk − 1. For n = (αk + 1)qk − 1, we construct µ ∈ Bn(q, p)
as follows:

µ =

{
(a, 2, 1p−2) if q = 2, w = 1 and a = p− 3,

(αkq
k − 2, a+ 1, 1n−(αkq

k+a−1)) otherwise.

Proof. Let n 6= (αk + 1)qk − 1. Note that h1,1(λ) = n − a = wp. This implies that
Cp(λ) = (a). Moreover, h1,1(λ) is not divisible by qk. Analysing other hook-lengths in [λ],
we see that for all j ∈ {3, . . . , λ1} we have 1 ≤ h1,j(λ) < h1,2(λ) = αkq

k − 1. It follows

that |Hqk

1 (λ)| ≤ αk − 1. On the other hand, h2,1(λ) = n− (αkq
k − 1) < qk and therefore

|Hqk

j (λ)| = 0 for all j ≥ 2. We deduce that |Hqk(λ)| ≤ αk − 1 and hence that q divides

χλ(1), by Lemma 3.2. Notice that for n = (αk + 1)qk − 1 we have that h2,1(λ) = qk. For
this reason we need to construct a different partition in this case.

Let µ = (αkq
k − 2, a+ 1, 1n−(αkq

k+a−1)). Then the composition µ defines a partition of
n unless µ2 > µ1. This happens if, and only if, a ≥ αkq

k− 2 and in turn this is equivalent
to the following chain of inequalities:

n = a+ pw ≥ (αkq
k − 2) + (αkq

k + 1) = n+ (αk − 1)qk ≥ n.

This is consistent if, and only if, we have equalities everywhere. Equivalently we must
have αk = 1, pw = qk + 1 and a = qk − 2 = pw − 3. Moreover, it is now easy to see that
pw − a = 3 forces w = 1. Hence we have that p = qk + 1, which implies that q = 2. The
above discussion shows that µ2 > µ1 if, and only if, q = 2, w = 1 and a = p − 3. In this
case we set µ = (a, 2, 1p−2). Observing that h2,1(µ) = qk +1 and arguing exactly as before
we verify that µ ∈ Bn(q, p) (in both cases). �

Corollary 3.10. Let a, wp, λ and µ be as in Lemma 3.9. Let δ ∈ {λ, µ} and let φ be an
irreducible constituent of (χδ)An. Then φ lies in the principal p-block of An and q divides
φ(1).

Proof. Exactly as in the proof of Corollary 3.8, we can focus on the case where q = 2.
If n = 2k+1 − 1 then δ = µ 6= µ′ and therefore χµ(1) = φ(1) is even. If n 6= 2k+1 − 1
then λ = λ′ if and only if a = 1 and n = 2k+1 − 2. Analysing the hook-lengths in [λ]

we observe that |H2k(λ)| = 0 and that |H2k−1
(λ)| ≤ 2. Using Lemma 3.3 we deduce that

ν2(χ
λ(1)) ≥ 2 and therefore that φ(1) = χλ(1)/2 is even. �

Lemma 3.11. Suppose that wp < αkq
k. If βk > 0, then define λ ` n as follows:

λ = (a, a− βkqk + 1, 1n−2a+βkq
k−1).

Otherwise let λ ` n be defined by:

λ =


(n− 2, 2) if a = 1,

(a, 1wp) if a > 1 and n 6= αkq
k,

(a, 2, 1wp−2) if a > 1 and n = αkq
k.

In all cases we have that λ ∈ Bn(q, p).
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Proof. Let us first analyse the case where βk > 0. It is clear that λ is well defined and that

we have Cp(λ) = (a) (since h2,1(λ) = wp). Moreover we observe that |Hqk

1 (λ)| = βk − 1,

|Hqk

2 (λ)| = 0 and that
∑

j≥3 |H
qk

j (λ)| ≤ ζk. It follows that |Hqk(λ)| ≤ αk − 1 and hence

that q divides χλ(1), by Lemma 3.2.
We assume now that βk = 0 and let λ = (a, 1wp). Clearly Cp(λ) = (a). Moreover,

analysing again the hook-lengths in [λ] and using Lemma 3.2 we deduce that q divides
χλ(1) unless a = 1 or n = αkq

k. In these two cases we choose λ as described in the
statement and we verify that Cp(λ) = (a) and that q divides χλ(1), again using Lemma 3.2.

�

Corollary 3.12. Let a, pw and λ be as in Lemma 3.11. Let φ be an irreducible constituent
of (χλ)An. Then φ ∈ B0(An) has degree divisible by q.

Proof. As usual, if q 6= 2 then the statement follows easily from Lemma 3.11. When
q = 2 the parameter βk is the coefficient of 2k in the binary expansion of a. Since
a < p ≤ wp < n we deduce that βk < αk ≤ 1, hence βk = 0. Moreover, as usual we only
need to analyse the situations where λ = λ′. It is easy to check that this never occurs.
Hence χλ(1) = φ(1) is even. �

Proof of Theorem C. The statement of Theorem 3.5 concerning Sn follows from Lem-
mas 3.7, 3.9 and 3.11. On the other hand, the part of Theorem 3.5 concerning An follows
from Corollaries 3.8, 3.10 and 3.12. As already remarked at the beginning of the section,
Theorem 3.5 implies Theorem C. �

In order to prove Theorem C without the assumption q < p, we would need a radically
different combinatorial approach. This is not directly relevant for the purpose of the
present article. Nevertheless, it could be material for further investigation.

4. Simple groups of Lie type and sporadic groups

The aim of this section is the proof of Theorem B on the principal blocks for the remain-
ing non-abelian simple groups. The case of sporadic groups is immediately checked from
the known character tables, leading to the unique counter-example M22 at the prime 7,
so by the classification of the finite simple groups we are left to deal with the finite simple
group of Lie type.

Theorem 4.1. Let S be a finite simple group of Lie type and ` an odd prime dividing
|S|. Then the principal `-block of S contains an irreducible character of even degree.

Proof. We discuss the various cases. First assume that the defining characteristic p of
S coincides with the (odd) prime `. By a well-known result then the only irreducible
character of S not contained in the principal p-block is the Steinberg character, whose
degree is a power of p, hence in particular odd. The claim in this case now follows from the
fact that a non-abelian simple group has order divisible by at least three distinct primes
together with the remaining part of the proof. (Alternatively, a non-abelian simple group
possesses an irreducible character of even degree by a result of Willems. By what we said
before that character will lie in the principal p-block.)

We may hence assume that ` is not the defining characteristic of S. So S is not a Suzuki
group nor one of the big Ree groups. We now set up the following notation. Let G be
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a simple algebraic group of simply connected type over an algebraic closure of the finite
field with p elements, and F : G → G a Steinberg map, such that S = G/Z(G), where
G := GF .

By [CE94, Thm.] the principal `-block of G lies in the union of Lusztig series

E`(G, 1) =
∐
t

E(G, t)

with t running over the (semisimple) `-elements of the dual group G∗ modulo conjugation,
and in particular, it contains the semisimple character(s) χt from each series E(G, t). Now
the degree of χt is given by

χt(1) = |G∗ : CG∗(t)|p′ .
In particular this provides a character of even degree in the principal `-block of G if t does
not centralise a Sylow 2-subgroup of G∗. This is an even degree character in the principal
`-block of the simple group S = G/Z(G) if it has Z(G) in its kernel, which happens if and
only if t ∈ [G∗, G∗]. Thus, to conclude we need to construct an `-element t ∈ [G∗, G∗] ∼= S
not centralising a Sylow 2-subgroup of G∗.

First assume that ` does not divide the order of the centraliser of a Sylow 2-subgroup
of S. Then clearly any non-trivial `-element of S is as required. Now by [KM03, Thm. 7]
a Sylow 2-subgroup P of S is self-centralising, unless G is one of SLn(q), SUn(q), E6(q)sc
or 2E6(q)sc. So it remains to consider these four families of groups. First assume that
G = SLn(q), and let 2t1 + · · ·+ 2tr , with t1 < . . . < tr be the 2-adic expansion of n. Then
PCS(P )/P is a direct product of at most r − 1 cyclic groups of order dividing q − 1, so
we may assume that r ≥ 2 and `|(q − 1). Now let t ∈ GLn(q) be an `-element with two
distinct eigenvalues, one with multiplicity 2tr + 1, the other with n− 2tr + 1 (respectively
one with multiplicity 2tr−1, the other with multiplicity 2 if r = 2 and t1 = 0; respectively
with three distinct eigenvalues when n = 3). Then the image of t in G∗ = PGLn(q) does
not centralise a Sylow 2-subgroup of G∗. If G = SUn(q), then again PCS(P )/P is a direct
product of at most r− 1 cyclic groups, of order dividing q+ 1 this time, with r as before.
Hence in this case ` divides q + 1, and we can construct an element t as before.

For S = E6(q) the centraliser of a Sylow 2-subgroup contains a cyclic subgroup of order
dividing q−1. Hence again ` divides q−1. Now take t an `-element in the centre of a Levi
subgroup L of S of type A5. Then L is the full centraliser of t (as L is a maximal reductive
subgroup of S), but its index in S is even, so t is as required. Finally, for S = 2E6(q),
we need to consider divisors ` of q + 1, and here any `-element in the centre of a Levi
subgroup of twisted type 2A5 will do. The proof is complete. �
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